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Abstract. The critical group of a connected graph G is a finite abelian group isomorphic to the 
sandpile group of G. In this paper we introduce some determinantal ideals associated with the 
generalized Laplacian matrix of G, that we call critical ideals. Critical ideals of a graph generalize 
the critical group in the sense that we can recover the critical group of a graph from their critical 
ideals. The main results of this article concern the determination of some minimal generator sets 
and the reduced Grobner basis for the critical ideals of the complete graphs, the cycles and the 
paths. Also, we establish a bound between the number of critical ideals that are trivial and the 
stability and clique numbers of the graph. 



1. Introduction 

The critical group of a graph (or in general of a digraph) is a finite abelian group that arises in 
several contexts. Its origin comes from statistical physics under the name of the abelian sandpile 
model, see for instance [B] and [Hj. More precisely, the critical group is isomorphic to the sandpile 
group introduced by Dhar in [T2], which generalizes the case of a grid from [6]. In the context of 
algebraic geometry the critical group is known either as the Picard or the Jacobian group. Also, in 
the context of combinatorics it is known as the sandpile group or the chip firing game. The critical 
group has been studied by several authors, for instance see EJ QUI CEBJ El EES El]. However, the 
structure of the critical group has been only completely determined for a few families of graphs. 

The critical group of a graph is closely connected with the Laplacian matrix of the graph, as we 
now explain. Let G = (V, E) be a digraph with n vertices, mr UyV \ the number of directed arcs from 
u to v, and A{G) is the adjacency matrix of G given by A(G) UjV = m( UiV y The Laplacian matrix 
of G is given by 

L(G) = D+(G)-A(G), 

where D + (G) is the diagonal matrix with the out-degrees of the vertices of G in the diagonal 
entries. Note that the Laplacian matrix is insensitive to loops in the digraph. When 6? is a simple 
connected graph their critical group, denoted by K(G), is defined as the torsion subgroup of the 
cokernel of L(G); for instance see [21]. That is, 

K(G) eZ = Z v /Im L{G) 1 . 

Originally in the literature the critical group was only defined for graphs, however it can be defined 
for any matrix with entries in a principal ideal domain; see [13] . Wagner in [25] defined the critical 
group for a digraph. Although the critical group and the sandpile group are equivalent for graphs, 
to define the sandpile group for a digraph is needed that the digraph satisfies some technical 
conditions, see [23]. The critical group has been defined for simplicial complexes, see [16] . 
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The standard method for calculating the critical group of a graph from their Laplacian matrix 
L(G) consists of reducing L(G) to its Smith Normal Form. Since this reduction depends strongly 
on the arithmetic relations between the entries of the matrix, finding this reduction is in general 
very difficult. In order to avoid some of these complications, we propose to study the critical ideals 
instead of the critical group. 

If Xq = {x u | u G V(G)} is the set of variables indexed by the vertices of the digraph G, then 
the generalized Laplacian matrix of G, denoted by L(G,X), is given by 



L(G, X) u>v 




if u = v, 
otherwise. 



Godsil in |1T|. 13.9] gives a similar way to define the generalized Laplacian matrix. Furthermore, 
if V is a Principal Ideal Domain (PID) with Z C V and V[Xq\ is the polynomial ring over V in the 
n variables Xq, then the critical ideals of G are the determinantal ideals given by 

Ii(G,X) = (mmoTSi{L(G,X))} C V\X G \ for all 1 < i < n, 

where minorsj(L(G, X)) is the set of determinant of all the i-square submatrices of L(G,X). Note 
that we can define (without any technical issue) the critical ideals of a n x n matrix M with entries 
in V as U{M, X) = (minorsi(L(M, X))) C V[X] for alH = 1, . . . , n, where 

J x u if u = v, 

I — M u v otherwise. 



L{M,X) U , 



In |llj is defined a binomial ideal, called the toppling ideal, associated to the Laplacian matrix 
of a graph, this ideal encode topplings in the abelian sandpile model. 

This definition for the critical ideals of a digraph was motivated from the fact that the critical 
group of G can be calculated in the following way: If G be a graph with n vertices and K(G) = 
Z/. with /i|/ 2 | • • • \f n -i, then 

i 

(n/i> = (minor Si (L(G))). 

i=i 

As you can imagine, the critical ideals and the critical group of a graph are closely related, 
for instance see theorems 13.61 and 13.71 Moreover, critical ideals are very useful to get a better 
understanding of its critical group. In section [3l we will show that the critical ideals are better 
behaved than the critical group. For instance, if j-p(G) is the number of critical ideals over the 
base ring V that are trivial, then theorem 13.111 claims that 

TP(G) < 2(\V(G)\ - a(G)) and lv {G) < 2(\V(G)\ - u(G)) + 1, 

where a(G) is the stability number and oj{G) is the clique number of the graph, respectively. That 
is, the invariant j-p is closely related to the combinatorics of the graph. Also, if H is an induced 
subdigraph of G, then j-p^H) < j-p(G) at contrast to the behavior of the number of invariant 
factors of the critical group of induced subdigraphs, see 13.11 

The main goal of this article is the study of the critical ideals of graphs. The main results of 
this article are contained in sections [3] and HI Section [3] contains the basic properties of the critical 
ideals and we define the invariant j-p as the number of the critical ideals that are trivial. Also, 
in this section we get the reduced Grobner basis of the complete graph. Finally, we explore the 
relationship of the critical ideals of a graph with the characteristic polynomial of their adjacency 
matrix. 
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The reduced Grobner basis of the critical ideals of the cycles and some combinatorial expression 
for the minors of the generalized Laplacian matrix of a digraph are presented in section [U 



2. Preliminaries 

A graph G is a pair (V, E), with V a finite set and E a collection of unordered pairs of elements 
of V . The elements of V are called vertices and the elements of E are called edges. For simplicity, 
sometimes an edge e = {x, y} will be denoted by xy. The sets of two or more edges with the same 
ends are called multiple edges. A loop is an edge incident to a unique vertex. A multigraph is a 
graph with multiple edges and without loops. 

A digraph D is a pair (V,E), where V is a finite set and E is a set of ordered pairs of elements 
of V. The elements of V and E are called vertices and arcs, respectively. Given an arc e = (x,y), 
we say that x is the initial vertex of e and y is the terminal vertex of e. Sometimes for simplicity 
an arc (u,v) will be denoted by uv . The number of arcs with initial vertex x and terminal vertex 
y will be denoted by m^ x ^ y y The out-degree of a vertex x of a digraph D, denoted by d~j^(x), is the 
number of arcs in D with initial vertex x. Given a subset U of the vertices of a digraph G, the 
induced subdigraph by U, denoted by G[U], is the subdigraph of G that has U as vertex set and 
E = {(u,v) \ u,v € U and (u,v) £ E(G)} as arc set. We say that a subdigraph H of G is induced 
if H = G[U] for some U C V{G). In a similar way we can define an induced subgraph. 

Note that there exists a natural inclusion of the graphs in the digraphs. Actually, any graph 
G can be identified with a digraph if we replace each edge {u, v} of G by the pair of arcs (u, v) 
and (v,u). You can consult [15] and [5] for any unexplained concept of graph and digraph theory, 
respectively. 

Now, we will fix some notation for the minors of a matrix. Let M E M n (V) be a n x n matrix 
with entries on V, I = {i\, . . . ,i r } C [n], and J = {ji, . . . ,j s } C [n]. The submatrix of M formed 
by rows i\, . . . , i r and columns ji, ■ ■ ■ ,j s is denoted by M[I; J]. On the other hand, the submatrix 
obtained from M by deleting rows i\, . . . , i r and columns ji,. . . ,j s will be denoted by M(J; J); 
that is, M(J; J) = M[J C ; J c ]. If |I| = |J| = r, then M[I;J] is called a r-square submatrix or a 
square submatrix of size r of M. Moreover, if / = J, then M[I; J] is a principal square submatrix. 
A r-minor is the determinant of a r-square submatrix. The set of z-minors of a matrix M will 
be denoted by minorsj(M). We say that M,N S M nxn (T) are equivalent, denoted by N ~ M, if 
there exist P,Q € GL n (V) (invertible matrices) such that N = PMQ. Is not difficult to see that 
if N ~ M, then K(M) = V n /M l V n ^ V n /N t V n = K(N). 

To finish this section we will recall some useful results on Grobner basis. 

2.1. Grobner Basis. Usually the theory of Grobner basis deals with ideals in a polynomial ring 
over a field. However, in this paper we will deal with ideals in a polynomial ring over the integers. 
There exists a theory of Grobner basis over almost all kind of rings. 

We recall some basic concepts on Grobner basis, see pp. At first, an order term in V\x\, . . . , x n ] 
is a total order -< in the set of monomials, such that 

(i) : 1 -< x a for all ^ a G N n and 

(ii) : If x a ~< x 13 , then x a+ f ~< x^ for all 7 € N", 

where x a = a;" 1 • • • x" n . 
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Now, given an order term -< and p € let lt(p) and lc(p) be the leading term and the leading 

coefficient of p, respectively. Given a subset S of V\X\ their leading term ideal of S is the ideal 

Lt(S) = (lt(s) | s € 5). 

A set of nonzero polynomials B of an ideal I is called a Grobner basis of J if Lt(-B) = Lt(7). A 
good characterization of Grobner basis is given in terms of 5-polynomials. 

Definition 2.1. Zei /, /' be polynomials in V[X] and B be a set of polynomials in V[X]. We say 
that f reduces strongly to f modulo B if 

• lt(f) ~< lt{f) and 

• there exist b € B and h G V[X] such that f = f — Kb. 

Moreover, if f* G V[X] can be obtained from f in a finite number of reductions, we write f —>b /*■ 

Given / and g polynomials in "P[A], their S -polynomial, denoted by S(f,g), is given by 

Q(f , c X c X 
S{f,g) = — —f — g 

c f X f C 9 X 9 

where Xf = lt(f), Cf = lc(f), X g = lt(g), c g = lc(g), X = \cm(Xf,X g ), and c = lcm(c/,c g ). 

The next lemma gives us an useful criterion for checking if a set of generators of an ideal is a 
Groebner basis. 

Lemma 2.2. Let I be an ideal of polynomials over a PID and B a generating set of I. Then B is 
a Grobner basis for I if and only if S(f, g) —>b for all f / g G B . 



3. The critical ideals of graphs 

In this section we will introduce the main concept of this article: the critical ideals of a digraph. 
We will begin this section by defining of the critical ideals of a digraph, we will present some 
examples and we will discuss some of their basic properties. Afterwards, we will introduce the 
number of critical ideals that are trivial as an invariant of the graph and will establish a bound 
between this invariant and the stability and clique numbers. Also, we will present a minimal set of 
generators and a reduced Grobner basis for the critical ideals of the complete graphs. As byproduct 
we will get expressions for the critical groups for some graphs. Finally, we will explore the relation 
between the critical ideals of a graph and the characteristic polynomial of its adjacency matrix. 

The critical ideals are some determinantal ideals in a polynomial ring, which generalize the 
critical group and the characteristic polynomial of a graph. 

Definition 3.1. Given a digraph G with n vertices and 1 < i < n, let 

h{G,X) = (minorsj(L(G, X))) C V[X G ] 

be the i-th critical ideal of G. 

Note that in general the critical ideals depend on the base ring V; in this article we are mainly 
interested when V = Z. By convention, Jj(G, X) = (1) if i < and Ii(G, X) = (0) if i > n. Clearly 
I n (G,X) is a principal ideal generated by the determinant of the generalized Laplacian matrix. 

Now, we will present an example that illustrate the concept of critical ideals of a digraph. 
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Example 3.2. Let G be the complete graph with six vertices minus the perfect matching formed by 
the edges M3 = {^1^4, «2^5, ^3^6} (see figureU^a) and V 



L(G,X) 



X\ 

-1 
-1 



-1 

x 2 

-1 
-1 



-1 



-1 
-1 

X3 
-1 
-1 



= z 


. Then, 





-1 -1 


-1 


-1 


-1 


-1 


X 1 


-1 -1 


-1 


x 5 -1 


-1 


-1 x 6 


= (1) 


for i = 



Ii(G,X) 



where 



' (2,X 1 ,X 2 ,X 3 ,X4,X 5 ,X( i ) 

{x r x s I v r v s E E(G)} U {2x r + 2x s + x r x s \ v r v s -E(G)} ) 
{x k xi(x r + x s + x r x s ) I (r, s, fc, Z) € S(G)} U {p^j^) I *VU S , v k vi g" E{G)}) 
k (xix 2 x 3 a;4a;5X 6 - Z](r,s,fc,0eS(G) x r x s x k xi - 2 X](r,s,fc)eT(G) x r x s x k ) 



ifi = 3, 
i/* = 4, 
ifi = 5, 
ifi = 6, 



S(G) = {(r,s,k,l)\v r v s £ E(G), v k v t e E(G), and {i,j} n {fc,/} = 0}, 

T(G) are i/ie triangles of G, and Pf r a ,k,t) = ( x r + 2; s)( a;; fc + x i + + + + + av#s)- 

A/oie i/iai i/ie expressions of the critical ideals of G depends heavily on their combinatorics. 

Now, let us turn our attention to one of the most basic properties of the critical ideals. 
Proposition 3.3. If G is a digraph, then 

(0)CJ„(G) Q---Qh{G)Qh{G) C (1). 
Moreover, if H is an induced subdigraph of G with m vertices, then 

h(H) C I k (G) for alll<k<m. 

Proof Let M be a fc+lxfc+1 matrix with entries on P[X G ]. Since det(M) = Ya=i M i,i det(M(i; 1)), 
I k +i(G) C I k (G) for all 1 < A; < n — 1. On the other hand, since any submatrix of L(H,X) is also 
a submatrix of L(G,X), mmors k (L(H, X)) C minors^,. (L(G, X)) for all 1 < k < n and therefore 
I k (H)Ql k {G). □ 




(a) K 6 \ M 3 (b) Gi (c) G 2 



Figure 1. (a) K 6 \M 3 , (b) d, (c) G 2 . 



If the digraph is not connected, then we can express its critical ideals as a function of the critical 
ideals of their connected components. 



det(Q[r;s]) 
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Proposition 3.4. If G and H are vertex disjoint digraphs, then 

Jj(G U H) = / (J Ij(G)Ii-j{H) \ for all 1 < i < \V(G U H)\. 
\ i=o / 

Proo/. Let Q = M ® N where M G M m (B) and TV € M n (B), fee [m + n], and r, s C [m + n] with 
|r| = |s| = k. It follows by induction on |r m |, that 

I det(Q[r m ;s m ]) • det(Q[r 
1 otherwise, 

where r m = r n [m], s m = s n [m], r n = r \ r m , and s n = s \ s m . 

Now, since L(G Uff,X) = L(G,X) L(H,X), we get that minorsi(L(G Ufl,Jf))\0C {mi • 
m 2 \ m i ^ minorSj(L(G, X)) and m-2 G minorSj_j(L(iif, X)) for some < j < i} for all 1 < i < 
|F(G U H)\ and the result is obtained. □ 

Let T v be the trivial graph composed by the vertex v. Since I\{T V ) = (x v ), applying proposi- 
tion [33] we get the critical ideals of the trivial graph with n vertices. 

Corollary 3.5. If n > 1 and T n is the graph with n isolated vertices, then 

Ii(T n ) = ({JJ Xj | | J | = i}) for all 1 < i < n. 

Note that the critical ideals of T n do not depend on the base ring. 

Now, we will establish some basic relationships between the critical ideals and the critical group. 
Before to doing this we will introduce some notation. Given a digraph G with n vertices and 
d G ~p v ( G )^ let L(G, d) be the matrix obtained from L(G,X) where we put x v = d v for all 
v G V{G). Also, let 

Ii(G,d) = {/(d) | / G Ii(G,X)} for all 1 < i < n 

be ideals in 7L. Given an induced subdigraph H of G, the degree vector of H in G is given by 
d G (H) v = deg^(u) for all v G V{H). 

Theorem 3.6. Ij V = Z, G is a digraph with n vertices, and K(G) = (B^i Zj. with /i| ■ ■ ■ \ f n ~i, 
then 

i 

Ii(G, d G {G)) = (H fj) forall\<i<n- 1. 
j=i 

Proof. Clearly L(G, dc(G)) = L(G), the usual Laplacian matrix of G. Thus minorsj(L(G, dc(G))) = 
minorsj(L(G)) for all 1 < i < n and therefore 

i 

Ii(G,d G (G)) = (minorSi(L(G,d G (G)))} = (minorsi(L(G))) = (JJ fj) for all 1 < i < n - 1. 

□ 



On the other hand, if v is a vertex of G and L(G,v) is the reduced Laplacian matrix, given by 
the matrix obtained from L{G) by removing the row and column v, then we have the following 
strong version of theorem 13.61 
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Theorem 3.7. Let V = Z, G be a connected graph (possible with multiple edges) with n vertices, 
and v a vertex of G. If K{G) = ©^=1 w tth /i| • • • |/n-l? then 



h(G \ v, d G (G \ v)) = <H fj) foralll<i<n- 1. 

i=i 

Proof. Since L(G\v, cIg(G\v)) = L(G, v) (the usual reduced Laplacian matrix of G), by theorem l3.6l 
we only need to prove that K(G) = 7X^\ V /1m L(G, v )* . Now, if I n _x,n—i is the identity matrix 
of size n — 1, then 



1 1 

I n -l,n-l 



L(G) 



1 1 

I n -\,n-\ 



0©L(G,v). 



Since det( 



1 1 

I n _l n_l 



1, then -L(G) ~ © L(G, u) and we get the result. 



□ 



Remark 3.8. Note that, in general theorem 3.7 is not valid for digraphs. However, we can get a 



similar result for matrices in M nxn that are symmetric with rank n — 1 and such that All = 0. 

The next example shows how theorem 13,71 can be used to recover the critical group of a graph 
from their critical ideals. In this sense, critical ideals generalize the critical group of a graph. 

Example 3.9. Let H be the complete graph with six vertices minus a perfect matching as in 
figure [TJa. and G be a graph such that H = G \ v for some vertex v of G. Thus, applying 
theorem \3. 7| we can get the critical group of G as an evaluation of the critical ideals of H. For 
instance, if G\ is the graph obtained from H (see figure[J}b) by adding a new vertex v and the edges 
Wx, W3, vv%, then dc{H) = (5,4,5,5,4,5). Moreover, using the critical ideals of H calculated 
in the example \3.S\ we get that fi = l for all i < 4, f§ = 20, = 140; that is, 

Kid) ^Z 20 ©Z 14 o. 

On the other hand, if we only know the critical ideals of induced subgraphs of G that are different to 
G\v, then we can not reconstruct completely the critical group of G. For instance, ifGi is the graph 
obtained by adding the vertices v§, vq and the edges V5V1, V5V2, vqV2, VQV3, vqv^ to the complete graph 
with four vertices (see figure{^c), then it is not difficult to see using Mathematica that /i(C?2) = 1 
for 1 < i < 4 and fstGz) = 185. However, when we apply theorem \3. 7| to the critical ideals of the 
induced subgraph by the vertices v\, V2, V3, and V4 of G2 (isomorphic to K4) we can only obtain 
that h(G 2 ) = / 2 (G 2 ) = 1, h(G 2 ) I 5 and / 4 (G 2 ) 1 175. 

3.1. The invariant 7. In this subsection we will present an invariant that will play an important 
role on the study of the critical ideals and the critical group of a digraph. 

Definition 3.10. Given a digraph G and a PID V , let jp(G) = max{i | ij(G, X) = (1)}. 

There exists a close relation between 775(G) and the number of invariant factor of the critical 
group of G that are equal to 1. For instance, if IF\{G) denote the number of invariant factor of 
the critical group of G that are equal to 1, then 72(G) < IF\(G). We found that 775(G) behaves 
better than the number of invariant factors of the critical group of a digraph that are one. For 
instance, it is not difficult to see from the definition and proposition 13.31 that if H is an induced 
subdigraph of G, then j-p(H) < 775(G). However, if n > 3, G = -ft^n is a complete bipartite graph, 
and H = K\ jTl is an induced subgraph of G, then IF\(G) = 2 < n = IF\(H). 
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Now we will present a relation between 7p(G) and the stability and the clique numbers of G. 
Before doing this, we will define the stability and the clique numbers of a graph. 

A subset S of the vertices of a graph G is called stable or independent if does not exist an edge 
of G with ends in S. A stable set is called maximal if it is under the inclusion of sets. The stability 
number of G, denoted by a(G), is given by 

a{G) = max-flS"! | S is a stable set of G}. 

In a similar way, a subset C of the vertices of a graph G is called clique if all the pairs of vertices 
in C are joined by an edge of G. A clique set is called maximal if it is under the inclusion of sets. 
The clique number of G, denoted by w(G), is given by 

w(G) = max{|C| | C is a clique set of G}. 

Theorem 3.11. If G is a simple multigraph with n vertices, then 

yp(G) < 2(n - lo(G)) + 1 and j v (G) < 2(n - a(G)). 

Proof. We begin with a simple relation between the critical ideals of G and G\v for some vertex 
v of G. 

Claim 3.12. If G is a multigraph with V(G) = {v%, . . . ,v n }, then 

Ij(G,X) C (xi/ i _i(G\«i,A:\xi),/ i _ 2 (G\t;i,A'\x 1 )) for all 1 < j < n. 

Proof. Let I = {h,...,ij} C [n], I' = {«<,...,*$} C [n] andm v = det(L(G, X)[I, I']) € I,(G). If 1 g 
JUJ', then mj : // € Ij(G\v i, A In a similar way, if 1 € /A/', then mj j> G Jj_i(G\«i, A\xi). 
On the other hand, if 1 € / fl then 

mi j' G {xiIj-i(G\vi,X\x 1 ),I j - 2 (G\v 1 ,X\xi)). 

Finally, the result follows because Ij(G\v\, X\x\) C Ij_i(G\vi, X\x\) C Ij-2(G\v±, X\xi). □ 

Now, let <7 = tp(G \ ui). Since ij(G \ A \ xi) 7^ (1) for alH > g + 1, by claim I3TT21 
/ 9+3 (G,A) C (x 1 J a+2 (G\t; l! A\x 1 ) ! I s+1 (G\^ 1 ,A\x 1 )) ^ (1) 
and therefore J S+3 (G, X) ^ (1). That is, tp(G) - 7p(G \ m) < 2. 

Finally, the result follows by using that J-p(T a ^) = (corollary 13 . 5[) . 7-p(A w ( G )) = 1 (theo- 
rem [3J3D and the fact that 7p(G) - 7^(G \ < 2 for all u G V(G). □ 

This result is interesting when either the stability or the clique number are almost the number 
of vertices of the graph. For instance, if G is the complete graph (u;(G) = re), then 7-p(G) < 1. 
Theorem 13.141 proves that this bound is tight in this case. Similarly to theorem I3.11| in [21] an 
upper bound for the number of invariant factor different to one of the critical group of a graph G 
in terms of the number of independent cycles of G was found. 

In [20] a result similar to the one obtained in the proof of theorem 13.111 was obtained. Namely 
in [20] it was shown that if G is a simple graph and e G E(G), then the number of invariant factor 
of G and G \ e differ by at most 1. 

Clearly, a simple graph G has 7-p(G) = if and only if G is the trivial graph. Moreover, in [2] it 
was shown that a simple graph G has 7z(G) = 1 if and only if G is the complete graph. Also, all 
the simple graphs with 72 equal to 2 and 3 were characterized in |2j and [3] . 

It is not difficult to prove that the bound 7^(G) < 2(re — a(G)) is tight; for instance, is easy to 
prove that if P2n+i is an odd path (see corollary 14. 10[) . then a(P2 n +i) = re + 1 and ^(P^n+i) = 
2n = 2(2re + 1 — (n + 1)). Moreover, in [12] it was shown that if T is a tree, then 7 is equal to the 
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2-matching number of the tree. This result proves that the bound 770(G) < 2(n — a(G)) is tight 
for any value of the stability number and the number of vertices of the graph. An interesting open 
question is the characterization of the simple graphs that satisfy the bounds given in theorem 13. Ill 

Now, we will turn our attention to the critical ideals of the first non-trivial graph. 

3.2. The critical ideals of the complete graphs. We begin this subsection with an expression 
for the determinant of the complete graph. 

Theorem 3.13. If K n is the complete graph with n > 1 vertices, then 

n n 

det(L(K n ,X)) = Y[( Xj + 1) -J2T[( x j + X )- 

j=l i=l j^i 

Proof. We will use induction on n. For n = 1, it is clear that det(L(K n , X)) = x\ = {x\ + 1) — 1. 
Now, assume that n>2. Expanding the determinant of L(K n+ i, X) by the last column and using 
induction hypothesis 

det(L(K n+1 ,X)) = Xn+1 -det(L(K n ,X))+J2^(H K n,X)) Xk= -t 



EII^ + 1 ) 

k=lj^k 



k=l 



J=l i=l j^i 

n+1 n n 

Y[( Xj + 1) - Yi( Xj + 1) - (x n+1 + i)^n^ + !) 

j=l j=l i=l j^i 

n+1 n+1 

n^+ i )-Ei]^+ 1 )' 

j=l i=l j^i 



□ 



The next result gives us a description of a reduced Grobner basis of the critical ideals of the 
complete graph. 

Theorem 3.14. If K n is the complete graph with n > 2 vertices and 1 < m < n — 1, then 

B m = { Y\( x i + 1) 1 1 Q N and \I\=m- 1} 

is a reduced Grobner basis of I m (K n , X) with respect to the graded lexicographic order. 

Proof. At first, we will prove that B m generates I m (K n , X). If M is a square submatrix of L(K n , X) 
of size m, then there exist / C [n] with \I\ = m and J C I such that M is equal to 

L{K n ,X)[I;I\{ Xj= ^i f or a ii jgj}. 

Thus, since 

det(L(ET n ,X))[/;/] {:Ej= _ 1 for all jeJ} = j^W^ + ^ « J^j = ^ 

B3 iddet(L(K n ,X))[Iil\ = -(x im +l)-deb(L(K n ,X)M 
then B m generates I m (K ni X). 
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Finally, we will prove that B m is a reduced Grobner basis of I m (K n , X) for all 1 < m < n — 1. 
Let I\,l2 C [n] with ligl = m — 1 and pj = Y\ ie i(xi + 1). It is not difficult to see that 

Ph • n & + ^ - p*» • n + *) = °- 

Thus 



S(Ph,Pi 2 



lt(p h ) ItijPh) 

' ;Ph ~ 777 sPh 



lt(Phnh) 1 ItiPhnlzY 

I I (ar< + 1) - 1 [ ■' < • />/> - 1 [ Oi + 1) - ] [ Xi • p/ x 



vie/a Vi 



viG/i\/ 2 



and S(pi 1 ,pi 2 ) —>B m 0. Therefore -B m is a reduced Grobner basis of Ii(K n ,X). 



□ 



Remark 3.15. Note that the critical ideals of K n do not depend on the base ring. Also, note that, 
since = 1, I\{K n ,X) = (1) and therefore ^(K n ) = 1. 

Using the expression for the critical ideals of the complete graph given in theorem 13.141 we can 
get the primary decomposition of the critical ideals of the complete graph. 

Corollary 3.16. If K n is the complete graph with n>2 vertices and 1 < m < n — \, then 

I m (K n ,X)= P| ({si + l|iE/}>. 

IC[n],\I\=n-m+2 

As an application of theorem 13.141 we find the critical group of all the graphs such that u(G) = 
\V(G)\-1. 

Corollary 3.17. Let n > m > 1 and K n+ \ \ S m be the graph obtained from K n+ \ by deleting the 
m edges of the star S m . Then 



K(K n+l \S m ) = { 



n+1 ® ^ n(n+1 ) W ^ n ( n+ i)( n _ m ) 



z 



2m— n ^n—m—2 



if m < [n/2\ 



if m > [n/2\ 



J n(n+1) W ^n{n+l)(n-m) 

Proof. If Vn+i is the vertex of K n +i \ S m of degree n — m, then 

d = d Kn+1 -s m (Kn+i \ v n +i) = ( n-l,...,n- 1 , n,. . .,n ). 

m times n—m times 

By theorem [3T31 I n {K n ,d) = {n™- 1 (n + l)"-™- 1 (n - m)), 

(1) if i < m, 

{(n + iy~ m ) if m < i < n — m, 

{n i+m ~ n (n + iy- m ) if n — m <i <n-l, 



I i+1 (K n ,d) = < 
when m < [n/2\, and 

I i+1 (K n ,d) = < 



(1) if i < n — m, 

(n l+m ~ n ) if n — m < i < m, 

^ (n i+m ~ n (n + iy~ m ) i£m<i<n-l, 
when m > L n /2j- Finally, applying theorem 13.71 we get the result. 



□ 
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To our knowledge, the critical group of this graphs had not been calculated before. We finish 
this section by exploring a relation between the critical ideals and the characteristic polynomial of 
the adjacency matrix of a graph. 



3.3. The critical ideals and the characteristic polynomials. In [22], Lorenzini shown a deep 
relation between the critical group and the Laplacian spectrum of a graph. For instance, Lorenzini 
(Proposition 3.2) prove that if A is an integer eigenvalue of L{G) of multiplicity /x(A), then K{G) 
contains a subgroup isomorphic to Z^' 1 1 . In this subsection we will present the relationship that 
exists between the critical ideals and the characteristic polynomial of the adjacency matrix of a 
graph. If G is loopless and we take x% = t for all 1 < i < n, then det(L(G, X)) is equal to the 
characteristic polynomial pcif) of the adjacency matrix of G and the critical ideals of G are ideals 
in V[t]. The ideals Ii(G,t) = Ii(G, X){ Xi=t \y 1<i<n j are called the t-critical ideals of G. It is not 
difficult to see that if V is a field, then the critical ideals of G are principal. That is, there exist 
Pi(t) € V[t] for all 1 < i < n such that 



Ii(G,t) = ([[pjit)) for all 1 < i < 

i=i 



n. 



Thus, pc{t) = TYj=iPj(t) 1S a factorization of the characteristic polynomial of the adjacency matrix 
of G. 

Therefore the critical ideals of a graph are a generalization of the characteristic polynomial the 
adjacency matrix of G. For instance, if G is the complete graph with six vertices minus a perfect 
matching (as in example 13. 2p and V = Q, then 



Ii(G,t) 



(1) if 1 < i < 4, 

{t 2 {t + 2)) if* = 5, 

> (t 3 (t + 2) 2 (t-4)) if i = 6. 

Note that in general the i-critical ideals depend on the base ring. For instance, if V = Z, then 



Ii(G,t) 



(1) iff = 1,2, 

(2,t) ifi = 3, 

(t 2 ,4t) if i = 4, 

(t 3 (t + 2),4t 2 (t + 2)) if z = 5, 

(t 3 (i + 2) 2 (t - 4)) if i = 6. 



The critical and t-critical ideals are a stronger invariant than the adjacency spectrum of the 
graph. For instance, if V = Z, G\ and G2 are the graphs given in figure [2j then they have the same 




"1 ^^V2y 



' ! 3 




G 



6 

V4 



FIGURE 2. The graphs Gi and G2 have the same characteristic polynomial. 



Ii(G 2 ,t) 
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adjacency spectrum, but their t-critical ideals are given by 

'(1) ifl<*<4, 

I i (G 1 ,t) = I (2(t + l),(t + l) • (t 2 + l)) if* = 5, 

k ({t - 1) • (t + l) 2 • (t 3 -t 2 -5t + 1)) if * = 6, 

and 

'(1) ifl<*<3, 

(2, (t + 1)} if * = 4, 

(4(t + l),(t + l)-(t-3)) if* = 5, 

[ ((t - 1) • (i + l) 2 • (t 3 -t 2 -M + 1)) if i = 6. 

4. Critical ideals of the cycle 

The main goal of this section is to get a minimal set of generators and the reduced Grobner basis 
of the critical ideals of the cycle. Before doing this, we will get some combinatorial expressions for 
the minors of the generalized Laplacian matrix of a digraph. This expression will be very useful in 
order to get some algebraic relations between the generators of the critical ideals of the cycle. 

We begin with some concepts of digraphs. Given a digraph D, a subdigraph C of D is called 
a directed 1- factor if and only if d^fv) = d^fv) = 1 for all v 6 V(C). The number of connected 
components of C will be denoted by c(C). 

Theorem 4.1. If D is a digraph with n vertices (possibly with multiple arcs and loops), then 

det(-A(D))=J2(-V ciC) , 

— > 

where T is the set of spanning directed 1 -factors of D. Moreover, 

det(L(D,X)) = det(- A(D[U] wl )) ■ JJ x v , 

UCV(D) v<£U 

where D[U] is the induced subgraph of D by U and D[U] wl is the graph obtained from D[U] when 
we delete the possible loops. 

Proof. It follows from arguments similar to those in [8 J [Proposition 7.2]. □ 

Remark 4.2. If we identify a graph G with the digraph Dq, obtained from G by replacing each 
edge uv of G by the arcs uv and vu, then an elementary graph is identified with a spanning directed 
1-f actor and therefore the first part of theorem \4.1\ is equivalent to ^[Proposition 7.2]. In this way, 
theorem \4-l\ is a generalization of the expression obtained in ^[Proposition 7.2]. 

Next we will present an example of the use of theorem 14.11 
Example 4.3. If D is the digraph given by V{D) = {^1,^2,^3,^4} (see figure\3i) and 

E(D) = {V\V\, VlV 2 , V2V3, V~3V4, V4Vl,V4V2}, 

then the digraph D has two spanning directed 1-f actors; {v~\V2, V2V^,v^V4, V4V1} and {v\Vi, V2V3, iuv 2 }- 
Thus det (A(D)) = (— 1) 1 + (— l) 2 = 0. Also, since {v%V2, V2V3, V3V4, V4V1} and {^2^3, V3V4, V4V 2} are 
the directed 1-f actors of D wl , 

det (L(D, X)) = X1X2X3X4 — x\ — 1. 
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Figure 3. A digraph with four vertices. 

When G is a tree, the expression of the determinant of the generalized Laplacian given in 
theorem 14.11 only depends on their matchings. Therefore, in this case we can get an explicit 
combinatorial expression for the determinant of the generalized Laplacian. Note that, V(/j,) denoted 
the set of vertex of the induced subgraph by fj,. 

Theorem 4.4. If T is a tree, then 

det(L(T,X))= Yl II x - 

A*eVi(T) v£V(n) 
Proof. It follows from theorem 14.11 and the fact that if S is a forest, then 

(-l)M if /i is a perfect matching of S, and 
otherwise. rj 



det(A(S)) 



Moreover, theorems 14. 1 1 and 14. 41 can be used to get combinatorial expressions for the determinants 
of the generalized Laplacian matrices of graphs. 

Corollary 4.5. Let n be a natural number, K n be the complete graph with n vertices, P n be the 
path with n vertices, and C n the cycle with n vertices. Then 

(i) : det(L(K n , X)) = ^ (|/| - n + 1) • J] x i; 

IC[n] i£l 

(ii) : det(L(P n ,X))= Yl II x - 

MeVi(P n ) ^v(m) 
(ii): det(L(C n ,X)) = £ (-l)M • ]J x v -2, 

where V\(G) is the set of matchings ofG. 

Proof, (i) It follows by theorem 14.11 and the fact that det(A(K m )) = —m + 1 for all m > 2. (ii) It 
follows directly from theorem 14.41 (Hi) Let P\ be the induced path of C n of length I that begins in 
the vertex i of C n . Since Vi(C n ) = V\(C n \ v\v n ) U {/i G V\(C n ) \ v\v n G /i}, 

det(L(C n ,X))=det(L(P?,X))-det(L(P?~ 2 ,X))-2= ^ (-l)M . [] ^-2. 

MeVi(c„) «{^V0*) 

Now, we will show that the minors of a generalized Laplacian of a digraph are equal to an 
evaluation of the determinant of the generalized Laplacian of some digraphs. 

Given a digraph (or a graph) D and u ^ v two vertices of D, let D(u; v) be the digraph obtained 
from D by deleting the arcs leaving u and entering v (remember that each edge of a graph is 
considered as two arcs in both directions) and identifying the vertices u and v in a new vertex, 
denoted by u o v. Also, if it = v, then -D(it; u) is defined as D \ u. 
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Example 4.6. If P n is the path with n vertices (simple graph), then 

Pn(v\;v n ) = C n -i \ {viv 2 , v n -\v{\. 

Now, given two matrices M, N G M mxm (V) we say that M and N are strong equivalent, denoted 
by N ~ M, if there exist P and Q permutation matrices such that N = PMQ. Also, given 
U = {u\, . . . ,u s } and V = {v\, . . . ,v s } ordered subsets of V(D) with s > 2 we define D(U; V) 
inductively as D(U \u s ;V \ v s )(u s ;v s ). 

Lemma 4.7. If D is a digraph and U = {u%, . . . , u s }, V = {vi, . . . , v s } ordered subsets of V(D), 
then 

L(D,X)(U; V) « L(D(U; ^))^){i ll . M .=-ro ( „., tl . ) \i=i,...,s}- 
Proof. It follows from the construction of D(U; V). □ 

Remark 4.8. Clearly, D(U;V) and L(D(U;V), X) depend on the order of the elements of the 
subsets U and V . However, if a 6 S s is a permutation, then 



\i=l, 



, iS} « L(D{U; , . . . , X) {xu . ov 



(0" 



j |i=l,...,s}) 



} does noi depend on the order of the 



L(D(U;V),X) {Xu ^_ 

that is, in some sense L(D(U; V), ^){ :Ett . OCi =-m (t) . yU . } \ i=l,...,s 
elements of the subsets U and V . 

Example 4.9. Let D be the cycle with six vertices, U = {«i,«2}, and V = {vq,V5}. Then we 
get that D(U; V) is the digraph with four vertices {^3,^4,^2 v 5i v i v 6} ( see fi9 ure \^ a ) an d arcs 
{ V 3 V ^, V4V3, ^3(^2 V5), (v\ o Vq)v^\. On the other hand, if we change the order of the elements in 
U, then D(U;V) is given by the graph in figure^ b. 



V 2 O Vr, 



Vi O Ug 




f3 



Vi o v 6 



Vi o v 5 



''3 



V 4 



(a) 



(b) 



Figure 4. Digraphs with four vertices. 
It is not difficult to see that 



L(D,X)(U; V) 






-1 


X3 


-1 




X3 


-1 


-1 











-1 


X4 




-1 


X'4 

















-1 







-1 








-1 






















-1 










2:3 


-1 


-1 













-1 


a'4 

























-1 













-1 









■■ L(D({v!,v 2 }; {v6,U5}),X) {x „ 2O ^ 5=0 ,^ lo „ 6= _i}. 



L{D{{v 2 ,vx}; {va,v 5 }),X) {Xv2Ove = 0)X ^ ov5=Q} . 



In a similar way, we can define the digraph D [U, V] that satisfies that 

L(AI)[f/;^L(0[P;y],I) KMi= _ m(Bi ^| i=1 s) . 

The next results calculate the invariant 7 for the path using the previous results on the minors 
of a generalized Laplacian matrix. 

Corollary 4.10. Let P n be the path with n vertices and ZCP, then j-p(P n ) = n — 1. 
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Proof. Firstly, by example 14.61 we have that P n (vi;v n ) = C n _i \ {v\V2iV n Z\Vi} . Hence, using 
theorem 14. II and lemma \4~7\ det( L(P n . X)(vi :v^)) = 1 and therefore "fv(Pn) = n — 1. □ 

A crucial open question discussed in [2.2, section 4] and [25[ section 4] states that the critical 
group is cyclic for almost all simple graphs. 

Conjecture 4.11. |25} Conjecture 4.2] Given n > 1 and < p < 1, let G(n,p) be the simple 
random graph with n vertices and Pi[uv G G] = p. If c > 1 and c ■ log(n)/n < p < 1 — o(log(n)/n) ; 
then 

lim Pr[K(G(n,p)) ^ Z k ] = 1. 

n— >oc 

However, we conjecture that critical ideals behave in an opposite way than critical groups. 

Conjecture 4.12. Let G be a simple graph with n vertices and ZC?, then jp(G) = n — 1 if and 
only if G = P n . 

4.1. The critical ideals of the cycle. In this subsection we will calculate the critical ideals of 
a cycle. Let C n be the cycle with n vertices and let V(C) = {vi,V2, ■ ■ ■ ,v n } be its vertex set. To 
simplify the notation, we consider the vertices of C n as the classes modulo n. That is, for instance, 
the n + 1-th vertex of C n is the vertex v i . In corollary 14.51 the determinant of the generalized 
Laplacian of C n was calculated. Therefore, the critical ideals of C n whenever 1 < i < n — 1 are 
the only ones that remain to calculate. In order to simplify the notation we will write det(G,X) 
instead of det(L(G,X)). 

First we will prove that almost all the critical ideals of C n are trivial, except for i is equal to n — 1 
and n. Clearly I n (C n ,X) is generated by the determinant of L(C n ,X). We will give a minimal set 
of generators for I n _i(C n , X) and after that we will give a reduced Grobner basis for it. 

Theorem 4.13. If C n is the cycle with n vertices, then Ii(C n ,X) = (1) for all 1 < i < n — 2. 

Moreover, 

Fi = {det(C n \ {v i+ i,v i - 1 },X),det(C n \ {vi, v i+2 }, X), 1 + det(C n \ {v i} v i+1 }, X)} 
for all 1 < i < n is a minimal set of generators for I n ^i(C n ,X). 

Proof. Firstly, we will prove that Ii(C n ,X) = (1) for all 1 < i < n — 2. Let D be the digraph 
obtained from the cycle with n — 2 vertices, C n _2, when we delete the arcs v\V2 an d v n ~2 v i- It is 
not difficult to see that 

L(C n , X)({1, n}; {n - 1, n}) « L(D, X) {xi=0} . 

Applying theorem 14.11 to the digraph D we have that |det(L(C n , X)({1, n}; {n — l,n}))| = 1 and 
therefore Ij(C n ,X) = (1) for all 1 < % < n - 2. 

Now, we will turn our attention to the n — 1-th critical ideal of C n . For all 1 < i,j < n, let 

Qij = L(C n ,X)(i;j) and 

= f-det(Qij) if lc(det(Q M -)) = -1, 
]det(Qij) otherwise. 

Since L(C n ,X) is symmetric, Qij pa Qj i and = qjj. Clearly, the ideal I n -i(C n , X) is generated 
by the n 2 minors of size n — 1 of L(C n ,X). 

On the other hand, let 1 < i < n, < I < n — 1, P\ be the induced path of C n of length I that 
begins in the vertex i and ends in the vertex i + 1 — 1 and pn = det(P/, X). Note that, if Z = 0, 
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then P\ is the empty graph. For technical convenience we will adopt the convention that p^o = 1 
for all 1 < i < n and Pi t - S = —Pi-s+i,s-2 for all 1 < s < i. Note that, taking s = 1 we get that 
Pi -l = — Pi-i+i,i-2 = —Pi,-l and therefore Pi-\ = for all 1 < i < n. 

We present a relation between the qij's and the pn's. This relation will be useful to prove the 
next claim. 

Claim 4.14. If 1 < i < j < n, then 

Qi,j = Pi+l,j-i~l + Pj+l,n-j+i-l- 

Proof. At first, if j = i, then clearly Q iti = L(C n , X)(i; i) = L(C n \v h X\ Xi ) = L(P^,X). Now, 
if j = i + then by lemma [4771 

Q ht+l = L(C n ,X)(i;i + 1) « L(D,X) {Xvi0Vi+i= _ 1} , 

where D is the digraph obtained from C n by deleting the arcs iW-i, Vi+2Vi+i and identifying the 
vertices i and i + Since D has only one spanning directed 1-factor (a directed cycle) and all the 
other directed 1-factors of D are 1-factors of D \ vi o Vi + \ = P n -2, applying theorem 14.11 to D we 
get that det(L(L>, x )){x n0 v i+1 =-l} = ~Vi+2,n-2 ~ 1 and therefore q iji+x = p i+lfi +p i+2 , n -2- Finally, 
if j ^ i,i + 1, then by lemma [4T71 

L(C n ,X)(i;j) n L(D,X) {XviOv . =0} , 

where D is the digraph obtained from C n by deleting the arcs iro+i, v j^iVj, VjM-i, Vj+iVj and 
identifying the vertices i and j. Since -D has only two directed cycles containing the vertex Vi o Vj, 
applying theorem 14. II we get the result. □ 

Now, we present an algebraic relation between the n — 1-minors of L(C n ,X) that will helpful to 
find a minimal set of generators for I n _i(C n ,X). 

Claim 4.15. Ifl<i<j<n and i<j + s<n + i, then 

Qi,j+s = Pj+l,s~l ■ Qi,j+1 - Pj+2,s-2 ■ Qij- 

Proof. Firstly, if s is equal to or 1, then the result is trivial. For the rest we will use induction 
on s. The proof will be divided in two cases, when s > 2 and s < — 1. First assume that s > 2. 
Expanding the determinant of L(P S ,X) we have that pi+ij-i = Xj ■ pi+\ — Pi+i j-i—2 and 
Pj,n~j+i = xj ■ pj + i t n-.j +i -i - Pj+2,n-j+i-2- Therefore 
14.141 

x j9i,j = x j ' [Pi+lj-i-l + Pj+l,n-j+i-l] = Pi+l,j-i + Pi+l,j-i-2 + Pj,n-j+i + Pj+2,n-j+i-2 
= Pi+l,j~i-2 + Pj,n~j+i + Pi+l,j-i + Pj+2,n-j+i-2 = Qi,j-1 + Qi,j+1> 

and we get the result for s = 2. Now, if s > 3, then using induction hypothesis we get 

Qi,j+s+l — x j+s ' Qi,j+s Qi,j+s— 1 

= x j+s ■ {Pj+l,s-l ■ Qi,j+1 - Pj+2,s-2 ■ — (Pj+l,s-2 ■ Qi,j+1 ~ Pj+2,s-3 ' 

= ( x j+s ■ Pj+l,s~l - Pj+l,s~2) ■ Qi,j+1 — ( x j+s ■ Pj+2,s~2 - Pj+2,s-3) ' 

= Pj+l,s ■ Qi,j+l - Pj+2,s-l ■ 

We can use similar arguments when s < — 1. □ 

Claim H~. 151 says us that if we fix i and j, then for all 1 < t < n, q^t can be generated by qij and 
qi,j+i- Thus {{qi,t}t=i) = fo r an 1 ^ hJ ^ n - Therefore it is not difficult to see that 

I n -i(C n ,X) = {qi,i+i,qi,i+2,qi-i,i+i) for all 1 < % < n. D 
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Before to present a Grobner basis for 7 n _i(C n ,X) we present a identity between the qij's. This 
identity will be very useful to reduce the S-polynomials. 

Proposition 4.16. If 1 < i < n and < k, s < n — i, then 

Pi+k+l,s ' Qi,i+k+l — Pi+l,s " Qi+s,i+k+s+l = Pi+k+2,s-l ' Qi,i+k ~ Pi+l,s-l ' Qi+s+l,i+k+s+l- 

Proof. Applying claim llTTol with i' = i, j' = i + k, and s' = s + 1 we get that 

Qi,i+k+s+l = Qi'j'+s' = Pj'+l,s'-l ' Qi',j'+1 ~ Pj'+2,s'~2 ' Qi',j' = Pi+k+l,s ' Qi,i+k+l ~ Pi+k+2,s~l ' ft.i+fc- 

Also, applying claim liTTol with i' = i + k + s + 1, j' = i + s, s' = —s, and using that qij = qjj and 
Pi -s = -Pi-s+i,s-2 we get that 

Qi,i+k+s+l = Qi+k+s+1,1 = Qi',j'+s' = Pj'+l,s'-l ' ~ Pj'+2,s'-2 ' 

= Pi+s+l,-(s+l) ' Qi+k+s+l,i+s+l ~ Pi+s+2,-(s+2) ' Qi+k+s+l,i+s 
= Pi+l,s ' Qi+s,i+k+s+l — Pi+l,s-l ' Qi+3+l,i+k+s+l- 

Therefore 

Pi+A:+l,s ' Qi,i+k+l ~ Pi+k+2,s-l ' Qi,i+k = Qi,i+k+s+l = Pi+l,s ' Qi+s,i+k+s+l ~ Pi+l,s-l ' Qi+s+l,i+k+s+l 

and we get the result. □ 

Now, we are ready to find a Grobner basis for I ra _i(C n , X). We divide this in odd and even 
cases. 

Theorem 4.17. Let n = 2m + 1 and 

B i = {Qi,i+m+i I i = 1, ■ ■ ■ , n} = {qi,i + m \ i = l,...,n}. 

Then B\ is a reduced Grobner basis for J n _i(C n , X) with respect to the graded lexicographic order 
with x\ > ■ ■ ■ > x n . 

Proof. Note that, lt(q i:i+rn+1 ) = lt(p i+ i jTO ) = x i+1 ■ ■ ■ x i+m and therefore \t(q iyi+m+ i) /lt(^ ii / +m+ i) 
for all 1 < i < i' < re. That is, if B\ is a Grobner basis for J n _i(C n ,X), then it is reduced. 

Now, in order to prove that B\ is a Grobner basis for I n -\{C n ,X) we need to show that all the 
S-polynomials of the elements on B\ can be reduced to by elements on B\. Since 

S(qi,i+rn+l, qi',i'+m+l) = ~~ <5(<Zi',i'+ra+l > Qi,i+m+l) ; 

we can assume without loss of generality that i < i'. It is not difficult to see that 
S(q 

i,i+m+l) qi+s,i+m+s+l ) = ( 

= lt(pj+ m +i jS ) • g^i+rn+l — lt(pj+l jS ) • gj-|- Sj i+ m + s +l 

for all 1 < z < n — 1 and 1 < s < n — i. By proposition 14. 16l with k = m we get that 

S(qi ,i+m+l ) Qi+s,i+m+s+l + (jH+l,s - lt(Pi+l,a)) • 

+Pi+m+2,s-l • qi,i+m ~ Pi+l,s-l ' ?i+s+l,i+m+s+l- 



Finally, since lt(g iii+m+ i) = lt(p i+ i )m ), lt(% ii+m ) = lt(p i+m+ i )OT ), lt(pj + i )S _i) = • • • Xt+ s -i, and 

lt(Pi+i, s -lt(p i+M )) = < , 

I xi • • • x i+s x i+ i • • • x n _ 2 otherwise, 

for all 1 < i, s < n. Then 5(q , i ) j+ m +i, gj +Si j +s+m+ i) — >Bx for all 1 < i < re— 1 and 1 < s < n—i. □ 



The even case is slightly different. 
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Theorem 4.18. Let n = 2m and 

Bo = {qi,i +m | i = 0, . . . , m - 1} U {q i+ m,i+i \ i = 0, . . . , m - 2}. 

Then Bq is a Grobner basis for I n _i(C n , X) with respect to the graded lexicographic order with 
x m -i > ■■■ > x 2m > xi ■ ■ ■ > X m -2- 

Proof. Following the proof of theorem l4.17l we have that lt(gj i j +m ) = It (pi+i,m— l) = ^i+i ■ • ■ ^i+m-i 
for all i = 0, . . . , m - 1 and lt(q i+mji+1 ) = lt(p i+m+ i jm ) = x i+m+ i ■ ■ ■ Xi for all i = 0, . . . , m - 2. 
Therefore \t(q iti+m ) )(lt{qi>,i> +m ) for all 1 < i < i' < m-1, lt(q i+mti+ i) /flt(%' +m)i ' + i) for all 1 < i < 
i' < m — 2, and lt(g , j i j+ m ) /lt(q , j'+ mi j'+i) for all 1 < i < m — 1 and 1 < i! < m — 2. Moreover, since 
deg(gi +mji+ i - lt(% +m ,i+i)) = m - 2 and lt(% ii+m - lt(%,j +m )) = lt(pi +m+ i, m _i) = x i+m+ i ■ ■ ■ n-i, 
if Bq is a Grobner basis for I n _i(C n ,X), then it is reduced. 

In a similar way to the proof of theorem 14.171 we need to show that all the S-polynomials of the 
elements on Bq can be reduced to by elements on Bq. At difference to the proof of theorem 14. 171 
in this case we have three types of S'-polynomials of elements of Bq. First 

^\Qi,i+mi qi+s,i+m+s) — {xi+ra ' ' ' ^i+m+s— l) ' 9i,i+m {Xi+1 ' ' ' Xi+s) " qi+s,i+m+s 
= lt(Pi+m,s) ' qi,i+m ~ lt(?>i+l,s) ' qi+s,i+m+s 

for all < i < m — 2 and 1 < s < m — i — 1. Applying proposition 14. 16l with k = m — 1 we get that 

S (qi,i+rrn qi+s,i+m+s) = — {Pi+m,s ~ ^(Pi+m,s)) ' qi,i+m + (Pi+l,s ~ lt(j?i+l,s)) ' qi+s,i+rn+s 
(4.1) +Pi+m+l,s-l ' qi,i+m-l ~ Pi+l,a—l ' 9i+s+l,i+m+s- 

When i > 1 and i + s < m — 2 is not difficult to use this identity to prove that S{qi^ +m , qi +Sj i +m+s ) 
it reduces to by Bq. Now, only remain to analyze two special cases, when i = or i + s = m — 1. 
Taking i = in equation 14.11 and the fact that 

qo,m-l = qm-l,2m = P2m-l,l • <7m-l,2m-l — P2m,0<7m-l,2m-2 = ^2m-l ' <Zm--l,2m-l — qm-l,2m-2 

we have that 

S(<l0,mi 1s,m+a) = —(Pm,s — lt(?»m,s)) " <70,m + (Pl,s — lt(Pl,s)) • 9s,m+s + X2m-1 • Pm+l,s-l ' 9m-l,2m-l 

{Pm+l,s-l - 9m-l,2m-2 + Pl,s-1 " <?s+l,m+s if S < TO — 3, 
(Pm+l,m-3 + Pl,m-3) ■ ?m-l,2ra-2 if S = TO - 2. 

Therefore S(qo jm , q s , m +s) —>B for all 1 < s < m — 2. On the other hand, taking i + s = m — 1 in 
equation [CT] and using that q m ,2m-l = 92m-l,m = ^2m ' ^0,m - <?l,m we have that 

S(qi,i+m, qm-l,2m-l) = —{Pi+m,s ~ ^>(Pi+m,s)) m qi,i+m + (Pi+l,s _ ^{Pi+l,s)) ' ^m-l,2m-l 

+Pi+m+l,s-l ' qi,i+m-l ~ Pi+l,s-l ' qm,2m-l 
= — {Pi+m,s — lt(Pi+m,s)) - qi,i+m + (Pi+l,s _ lt(Pi+l,s)) ' 9m-l,2m-l 

(Pm+2,»-l + P2,s-l) • gi,m - 2;2m • F2,s-1 ' 90,m if i = 1, 

Pi+m+l,a-l ' ?i,i+m-l — ^2™ ' Pi+l,s-l ' qo,m + Pi+l,s-l ' ?l,m if * > 2. 



+ 



Therefore, S(qi^ +m , q m -l,2m-i) can be reduced to by Bq. Finally, if i = and s = m- lwe have 
that 

,m,7 qm— 1,2m— 1 ) — (<Zo,m — lt(go, m )) ?m- 1,2m— 1 — (qm-l,2m-l — lt(<Zm-l,2ro-l .m • 
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Now, we follow with the S'-polynomials of a second type. 

^(Qi+m,i+li Qi+rn+s,i+s+l) — (Xj-fl ' ' ' Xj-fs) ' Qi+m,i+ 1 (Xj+m+1 ' ' ' ^i+m+s) ' Qi+m+s,i+s+l 

= lt(pi4-l )S ) • qi+m,i+l — lt(Pi+m+l,s) • Qi+m+s,i+s+l 

for all < i < m — 3 and 1 < s < m — i — 2. By proposition 14,161 with i = i + m and A; = — m we 
get that 

"5(<?i+m,i+l) Qi+m+s,i+s+l) = — (Pi+l,s — lt(f?i-(-l,s)) ' 9i+m : i+l + (Pi+m+l,s — ^{Pi+m+l,s)) ' 1i+m+s,i+s+l 

+Pi+2,s-l ' Qi+m,i — Pi+m+l,s-l ' <7i+m+s+l,i+s+l 

for all < i < m — 3 and l<s<m — i — 2. Therefore, S(qi +rrlj i + i, qi +m+Sj i +s+ i) —>b 0. We finish 
with the S-porynomials of a third type. 

( x i'+m+l ' ' " x i) ' Qi,i+m ~ ' ' ' ^i+m— l) ' <Zi'+m,i'+l if i < i' — 1, 

(Xj'+m+l " " " x i') " Qi,i+m ~ { x i+l ' ' ' ^i+m-l) " Qi'+m,i'+l if * = i , 
(Xi'+m+l " " " x i') " Qi,i+m ~ (xj+l ' ' ' ^i+m-l) ■ 9i'+m,i'+l if * = i + 1, 

. (xi+m ■ ■ ■ Xi>) ■ q^i+m — (xi+i ■ ■ ■ Xi' +m ) ■ qi> +m ^ + i if i > i + 2, 

I lt(pi'+m+l,m+i-i') ' Qi,i+m ~ ^(Pi'+l,m+i-i' -l) ' (?i'+m,i'+l if «' < * , 

I ^(Pi+m^+i'-i+l) • qi,i+m — ti(Pi+l,m+ i'-i) ' Qi'+m,i'+l if « > i + 1, 

for all < i < m — 1 and < i' < m — 2. If % = i', %' + 1, then 

S{qi,i+rn, Qi'+m,i'+l) = [<li,i-\-m ~ ^{li,i+m))<li'+m,i'+l ~ [<li'+m,i'+l ~ ^[Qi'+m,i'+l))Qi,i+ni' 

Using similar arguments to those in proposition 14. 16l is not difficult to prove that 

Pi' rn-\-i—i' ' Qi,i-\-m Pl'+l,m+2— i' — 1 ' Qi' -\-m,i' Pi' -\-rn-\-l,m-\-i — i' — 1 ' (/z+l,2+m P2 / +2,m+z— i' — 2 * Qi'-\-m,i'i 
Pi+m.m+i' —i+1 ' Q_i,i+tn Pi+l : Tn+i' — i ' Qi'+m^i' + l — Pi+m+1 : va+i' — i ' Hi : i+m—l Pi+l,m+i' —i — 1 ' Qi'+m+l,i' + l • 

Finally, using this identities it can be proved that S^qij+m, qi'+m,i'+i) -^B for all < i < m — 1 
and < i' < m - 2. □ 

Example 4.19. Let n = 2m = 2(3) = 6, then q^^ = x\%2 + £4X5 — 2, q\^ = X2X3 + x^x^ — 2, 
92,5 = £3^4 + xiXq - 2, q 3) i = x 4 x 5 x 6 - x 4 - xq + x 2 , c/4,2 = a;iX5X 6 - xi - x 5 + x 3 (the leading 
terms are underlined) forms a Grobner basis for I^(Cq,X) with respect to the graded lexicographic 
order with X2 > X3 > x\ > X5 > xq > x\ . For instance, taking i = and s = m — 1 = 2 it is not 
difficult to see that 

S(qe,3, ^2,5) = x 3 x 4 g 6i 3 - x 1 x 2 q2,5 = (X4X5 - 2)g 2 ,5 - (X5X6 - 2)g 3j6 . 
Also, taking i = 1 and s = 1 we get that 

S(qi,4,,q2,5) = x 4 <7i, 4 - x 2 g 2 ,5 = x 4 x 5 x 6 - 2x 4 - x 2 x x x & + 2x 2 = 93,1 - 93,5 = 2g 3i i - x 6 g 6j3 . 

In order to finish this article we will present a simple application of theorem 14.131 see remark 
6.8 in |22j for a similar result for graphs. 

Corollary 4.20. Let D be a digraph and v 6 V(D) such that D \ v ~ C n , then K(D) has at most 
two invariant factors different to one. 

It is not easy to determine when the critical group of G is cyclic because in order to do this, we 
need to find the greatest common divisor of the evaluation of polynomials. 
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